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Abstract
A new proof of the optical theorem at all orders is presented. Although the theorem is a
well-known result in Quantum Field Theory, our proof is interesting because it is particularly
simple. Indeed, the theorem is a direct consequence of the pole-ology formalism discussed in
Weinberg’s Cambridge books. We also discuss a new proof of the standard result concerning
the effective action as generating functional of 1PI contributions.
1. Introduction
It is common knowledge that the analyticity properties of the Feynman amplitudes can lead to
remarkable results. This issue is rooted in the history of Quantum Field Theory (QFT) starting
from the works of Kramers discussed at the Como conference in 1927, where, in particular, the
connection between microcausality of local fields and analyticity of amplitudes has been pointed
out [1]. In this way it is possible to obtain very important dispersion relations which have been
exploited, for example, in the late 1950s and 1960s by Chew, Mandelstam, Regge and others in
an attempt to develop a theory of strong interaction without using the concept of local fields.
Although the results of these authors were remarkable, it became evident in 1970s and 1980s that
QCD is definitely a preferable description of strong interaction. However, dispersion relations
are still important for the field theorist today (for example in the analysis of Deep Inelastic
Scattering). Recently, the analytic properties of amplitudes have been discussed in connection
to modern techniques for the calculation of scattering amplitudes (see e.g. the textbook [2]).
In this article we will be particularly interested in the review of analyticity properties of
Feynman amplitudes presented by Weinberg in his Cambridge books [3]. In particular, using
Weinberg’s notations and conventions, we will use the following claim [3], section 10.2:
Claim:
Let us consider the momentum space amplitude G given by
G(q1, . . . , qn) =
∫
d4x1 · · · d
4xne
−i
∑n
j=1 xj ·qj
0〈T{A1(x1) . . . An(xn)}〉0, (1.1)
where 0 refers to the true vacuum Ψ0 of the interacting theory and Aj are Heisenberg operators
with arbitrary spin, or local functions of the fields and their derivatives, so that bound states
may be included. If we group together a certain number r of external lines (with 1 ≤ r ≤ n− 1)
and if we define the 4-momentum q as
q ≡ q1 + ...+ qr = −qr+1 − ...− qn,
then two results can be proved:
1. G has a pole at q2 = −m2, where m is the mass of any 1-particle state Ψp,σ satisfying two
conditions, namely
i) λ1,σ ≡ (Ψ0, T{A1(x1)...Ar(xr)}Ψp,σ) 6= 0,
ii) λ2,σ ≡ (Ψp,σ, T{Ar+1(xr+1)...An(xn)}Ψ0) 6= 0.
As usual, σ represents the spin state (and any other internal quantum number) of the particle
of mass m and energy p0 ≡
√
p2 +m2.
2. The residue of G at this pole is
G −→
−2i
√
q2 +m2
q2 +m2 − iǫ
(2π)7δ4(q1 + ...+ qn)
∑
σ
M1,σ(q2, ..., qr)M2,σ(qr+2, ..., qn) (1.2)
where the Ms are, by definition, given by
(2π)4δ4(q1 + ...+ qr − p)M1,σ(q2, ..., qr) ≡
∫
d4x1...d
4xre
−iq1·x1 ...e−iqr ·xrλ1,σ (1.3)
and
(2π)4δ4(qr+1+ ...+qn+p)M2,σ(qr+2, ..., qn) ≡
∫
d4xr+1...d
4xne
−iqr+1·xr+1 ...e−iqn·xnλ2,σ. (1.4)
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Our aim in this letter is to 1) show that the optical theorem, at all orders in perturbation
theory, is a simple consequence of this general fact, so providing a new proof independent on
cutting rules; 2) discuss a new proof of the standard result concerning the effective action as
generating functional of 1PI contributions.
The optical theorem is a standard result of non-relativistic potential scattering theory [4].
It can be extended to relativistic QFT [3] where, in particular, it is typically presented in its
generalized form which is valid order-by-order in perturbation theory (see e.g. [5]):
Claim (Generalized optical theorem):
M(i→ f)−M∗(f → i) = i
∑
X
∫
∆
∏
j∈X
d3pj
(2π)3
1
2Ej
(2π)δ4(pi−pX)M(i→ X)M
∗(f → X). (1.5)

Some comments are in order:
1) ∆ is the momentum resolution;
2) the theorem in its generalized form can be proved also at all orders of perturbation theory
using cutting rules;
3) The special case |i〉 = |f〉 corresponds to the well-known optical theorem of scattering theory.
It is our intention to prove the optical theorem at all orders of perturbation theory in the
special case |i〉 = |f〉. Interestingly, our proof will be particularly simple.
In the final section we will analyze the second point mentioned above, namely we will present
a new proof that the effective action is the generating functional of 1PI contributions.
2. A new proof of the optical theorem at all orders
Claim:
Let |A〉 be some state such that |i〉 = |f〉 = |A〉, then it is possible to prove at all orders of
perturbation theory that
ImM(A→ A) ∝ 2ECM
∑
X
σ(A→ X).
Proof:
We start from (1.2)
G −→
−2i
√
q2 +m2
q2 +m2 − iǫ
(2π)7δ4(q1 + ...+ qn)
∑
σ
M1,σ(q2, ..., qr)M2,σ(qr+2, ..., qn) (2.6)
and we apply this formula to the special case r = 2, n = 4. This is representative of the
choice |i〉 = |f〉 = |A〉 = |2-particle state〉 (but, as we will see, our claim is valid also with
states that are not necessarily 2-particle states). To proceed further, we use the well known
Lehmann-Symanzik-Zimmermann (LSZ) reduction formula in the M factors to obtain formally
the replacement |Ψ0〉 → |2-particles〉. Then, we have just to notice that
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1) we have one factor M relating the two particles in the initial state with the 1-particle inter-
mediate state (which is supposed to be a bound state);
2) we have another factor M relating the intermediate single particle state with the final 2-
particle state;
3) a factor 2ECM = 2
√
q2 +m2;
4) we put the propagator 1/(q2 + m2 − iǫ) on-shell in harmony with (1.2) and, hence, the iǫ
term develops the imaginary part of the amplitude.
If we identify the cross section with the product of the M factors we proved the claim, because
when we take the square of the amplitude we are free to exchange the initial state with the
intermediate one. In this way the process 2-particles→intermediate (bound) state→ 2-particles,
becomes |A→bound state of 2-particles|2. Now we interpret the bound state as the sum over all
possible states X: this is correct because each factor M is 1/2 of the composite bridge and we
find an infinite number of different particles (exchanged inside the bridge). In other words, the
infinite number of contributions of perturbation theory correspond to all possible final states X.
Since (1.2) is valid at all orders of perturbation theory, this completes the proof. 
Remark: We have assumed that the intermediate state is a bound state in order to keep
everything as simple as possible, but it is not a strictly necessary condition. From our claim
one can extract the precise form of the optical theorem, e.g. as stated in [3], by carefully
employing the relations between G and M , and between |M |2 and the total cross section σi
of the in state |i〉. In a more intuitive way: the procedure of taking the modulus squared of
(2-particles → intermediate state) corresponds to a ”cut in the bridge” and, in this sense, the
states exchanged to form the bound state are ”converted” in asymptotic states (and the bound
state ”disappears”).
3. A new proof of 1-irreducibility
Our proof is a modified version of the Zinn-Justin’s proof discussed in [6].
Claim:
The effective action generates all the 1PI (and only the 1PI) connected graphs with arbitrary
powers of φ.
Proof:
Let us perturb the action:
Sǫ[φ] = S[φ] +
ǫ
2
∑
i,j
φiφj = S[φ] +
ǫ
2
(
∑
i
φi)
2. (3.7)
If we imagine a discretized spacetime, we can use a simple index i = 1, ..., N instead of the
spacetime point coordinate x. With this N -point lattice our formulas will be more compact.
We will also use the notation Ji ≡ j(xi) so there will be no difference between a (continuous)
lower case source and an upper case (discretized) one. In this compact notation, integrals over
continuous spacetime coordinates are replaced by sums over repeated discrete indexes. The
quadratic part of the action can be written as a modification to the propagator:
1
2
∑
i,j
φi(Kij + ǫMij)φj (3.8)
where Mij = 1, ∀i, j. Hence, the free propagator ∆ǫ is now the inverse of K + ǫM :
(∆ǫ)ij = ∆ij − ǫvivj +O(ǫ
2) (3.9)
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where vi ≡
∑
j ∆ij. This formula is interesting because it tells us that the perturbation (at
first order) produces disconnected (i.e. factorized) contributions to the propagator. Indeed, the
matrix Mij is not the identity and, hence, there are also off-diagonal contributions. The two
disconnected terms vi and vj arise from the splitting of Mij into a sum of a diagonal part plus
an off-diagonal part. This disconnected contribution will “propagate” inside W , the generating
functional of the connected correlation functions. Since this disconnected term has two vertices,
we can generate it with a factorized (i.e. disconnected) “double derivative” of the form
δW
δJ(x)
δW
δJ(y)
. (3.10)
What happens if we perform a Legendre transformation? Formally we are “moving to the
phase space” and, needless to say, a phase space is always even-dimensional. This means that
a Legendre transformation builds a duality between J and φ: whatever will be the source J
we consider, we must introduce also a corresponding φ field. After the Legendre transform has
been performed, J and φ are linked together. This tells us immediately that the Legendre dual
Γ consists entirely of connected diagrams, because the disconnected contribution (3.10) is not
duality invariant. Indeed, the derivative δW/δJ is mapped into φ and not into a dual derivative
term. 
4. Conclusions
Despite we considered very well known results in QFT, we suggested a new fresh and modern
perspective on these theorems. In particular, we provided a proof of the optical theorem at all
orders in perturbation theory as a consequence of pole-ology, and also have emphasized the role
of “duality” in our (proof of the) theorem of the effective action. Interestingly, duality arguments
are characterizing a relevant part of modern theoretical physics, but they are also rooted in the
history of Science (consider for example the well-known de Broglie’s duality). These proofs are
particularly suitable for degree students tackling QFT.
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